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1. INTRODUCTION 
The generalization of the LaSalle Invariance Principle by Hale [l] is a 
powerful stability theorem for nonfinite dimensional dynamic systems. 
Recently Slemrod was able to apply this principle to the stabilizability 
problem of Hilbert space contraction semigroups [2,3]. 
Hilbert space contractions were extensively studied by Nagy and Foias in 
the last decade. Using a canonical decomposition of contraction 
semigroups-due to Nagy and Foias [4]-Benchimol [5] and Levan and 
Rigby [6] were also able to stabilize contraction semigroups on a Hilbert 
space. 
This paper will establish relationship between the above-mentioned 
theories-at least as far as stability and stabilizability of Hilbert space 
contraction semigroups are concerned. 
The LaSalle Invariance Principle and the Nagy-Foias canonical decom- 
position are recalled in Section 2. Stability and stabilizability of contraction 
semigroups are studied in Section 3. Here we shall combine the two theories 
to obtain a rather general stability result. This will then be applied to the 
stabilizability problem. 
2. THE LASALLE INVARIANCE PRINCIPLE AND THE 
NAGY-FOIAS CANONICAL DECOMPOSITION 
Let H be a complex Hilbert space with inner product [ ., .] and norm I( 11. 
By a semigroup [T(t), t > 0] on H we always mean a strongly continuous 
semigroup-i.e., of the class C,-of bounded linear operators over H. 
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We now recall the linear version of the LaSalle Invariance Principle [ 11. 
Let [7’(t), t > 0] be a C, semigroup on H. The positive orbit through an 
element x in H is defined to be the set 
@(x) = u T(f) x. 
tao 
A set A+ in H is called positively invariant for [r(t), t > 0] if, for each x in 
,67+, e(x) remains in J’+. Similarly we can define 8*(x) and M$ for the 
adjoint semigroup [r(t)*, t > 01. 
DEFINITION 2.1. Let [T(t), t > 0] be a Co semigroup on H. A continuous 
functional VT(.) is a Lyapunov functional on a set G of H if: 
(i) VT(.) is continuous on G-the closure of G- and 
(ii) For each g in G, v=(g) < 0, where 
With these preliminaries the invariance principle for linear semigroups can 
be stated as follows. 
THEOREM 2.1. Let V,( .) be a Lyapunov functional on a set G of H-for 
a semigroup [T(t), t > 0] on H-and let AP be the maximal positive 
invariant set of the set 
Y(T)= {ginG; pjT(g)=O}. P-1) 
If a positive orbit 8(x) lies in G and at the same time remains in a compact 
set of H, then 
T(t) x + M+ (strongly), t+oO. 
A closed subspace N of H is invariant for [T(f), t > 0] if T(t) n lies in N 
for each t > 0 and each n in N. In addition if N is also invariant for 
[T(r)*, f > 01, then it is reducing. It follows from this and from the definition 
of a positively invariant set that each invariant subspace of [T(t), I > 0] is a 
positively invariant set for the semigroup. Similarly, each reducing subspace 
is a positively invariant set for [T(f), t 2 0] and [T(t)*, t > 01. 
It is evident from these remarks and from Theorem 2.1 that 
COROLLARY 2.1. Let N be an invariant subspace of [T(t), t > 01. If N 
remains in a compact set of H, then 
T(t)x+A;, t+co,foreachxinN, (2.2) 
where L/G is the maximal positive invariant set of (n in N, v,(n) = O}. 
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If in addition to being in a compact set, N also reduces the semigroup, 
then 
T(t) x -+A; flA+,,, t + co, for each x in N, (2.3) 
and 
T(t)* x-+A$ n41+*N, t+co,foreachxinN, (2.4) 
where in (2.3) and (2.4) Af*,v is the maximal positive invariant set of (n in 
N; Vi,*(n) = 0). 
We see from this corollary that one can apply the invariance principle to 
invariant subspaces of semigroups of bounded linear operators, if these 
subspaces can be characterized. This, we shall see, is indeed the case for 
contraction semigroups. 
We close the section with the well-known canonical decomposition of a 
Hilbert space contraction semigroup. 
THEOREM 2.2 (Nagy and Foias [4]). For a contraction semigroup 
[T(t), t > 0] on H there are reducing subspaces H,(T) and H,,,(T)--either 
one of them may be trivial-such that H admits the unique orthogonal 
decomposition 
H= H,(T) 0 Hc,,G”J 
Here 
H,(T) = {x in H; ]] T(t) x /] = /] x = ]] T(t)* x I], t > 0) 
is the maximal reducing subspace on which [T(t), t > 0] is unitary, while the 
semigroup is completely nonunitary (cnu) on HC&‘)-i.e., {0} is the only 
subspace of H,,,(T) which reduces the semigroup to a unitary one. Hence 
[T(t), t > 0] admits the canonical decomposition 
T(t) = T(t) IH,(O 0 WI H,,,(T), t 20. 
It follows easily from this theorem that 
COROLLARY 2.2. Let [T(t),t>O] and [T(t)*, t > 0] be contraction 
semigroups on H with generators A and A*, respectively. Then 
(9 H,(T) = H,(T*) and fLD’l= ff,,,(T*). 
(ii) SJ(A)f7 H,(T) = g(A*)n H,(P) and they are dense in 
H,,(T)--here C@( ) denotes the domain of an operator-moreover, for each x 
in g(A) n H,(T): Re[Ax, x] = 0 = Re[A*x, x]. 
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Finally we recall the following basic properties of a Hilbert space 
contraction semigroup. 
LEMMA 2.1 [7]. Let A be a closed and densely defined operator in H. 
Then 
(i) A generates a contraction semigroup if and only if it is maximal 
dissipative-i.e., Re[Ax, x] < 0 for each x in @(A), and A does not admit 
any dissipative extension in H. 
(ii) A generates an isometric semigroup if and only if it is maximal 
dissipative and, for each x in B(A), Re[Ax, x] = 0. 
(iii) A generates a unitary semigroup if and only if A = .-A*. 
3. STABILITY ANO STABILIZABILITY 0~ 
HILBERT SPACE CONTRACTION SEMIGROUPS 
Stability and stabilizability of Hilbert space contraction semigroups are 
now studied by means of the LaSalle Invariance Principle and the 
Nagy-Foias canonical decomposition. 
Given a contraction semigroup [T(t), t > 0] with generator A on H, we 
choose 
VT(X) = 4 II x II27 for each x in g(A). (3.1) 
Then clearly V,(.) is continuous on g(A) (=H), and 
v’,(x) = i -$- 11 T(t) x [I* It=,,+ = Re[Ax, x], for each x in g(A). 
L UC 
Therefore by Lemma 2.1 (i) 
P,(x) = Re[Ax, x] < 0, for each x in g(A). (3.2) 
This shows that I’,(.) is a Lyapunov functional for the semigroup 
[T(t), t > 01. Now for each x in g(A), T(t) x lies in a(A)-for each 
t > O-consequently g(A) is a positively invariant set for the semigroup. 
Hence by the invariance principle, if Q?(A) is contained in a compact set of 
H, then, for each’ x in g(A), T(t) x + yK+, t + co, where ./+ is the maximal 
positively invariant set of the set 
P(T) = (x in g(A); Re[Ax, x] = 0). (3.3) 
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We now characterize the set .J?+. To this end we define the set 
H,(T) = {x in H; 11 T(t) x (1 = )I x (I, t > O}. (3.4) 
Then, since [T(t), t > 0] is a contraction semigroup, it is easy to see that 
H,(T) = nrao ker[Z - T(t)* T(t)]. Thus H,(T) is a closed subspace of H. 
Moreover, for each x in H,(T) and each t, s > 0, 
II T(s) WI x II = II T(s + 0 x II = II x II = II WI x II 3 
which shows that H,(T) is invariant for [7’(t), t > 01, and T(t) ] H,(T) is 
isometric. Therefore by Lemma 2.l(ii) 
Re[Ax, x] = 0, for each x in &J(A) n H,(T). 
This shows that @(A) A H,(T) c P(T) and it is also positively 
invariant-since 7’(t) x belongs to g(A) n H,(T) for each x in the set and 
for each f > 0. More is true, indeed: 
LEMMA 3.1. Let [T(t), t > 0] be a contraction semigroup with generator 
A on H. Zf A has a compact resolvent, then, for each x in g(A), T(t) x + 
ka(A)n H,(T), t -, CO. 
Proof. First, since A has a compact resolvent, for each x in H, T(t) x, 
t > 0, remains in a compact set of H [3]. It remains to show that 
g(A) n H,(T) is the maximal positively invariant set of Y(7)-Eq. (3.3). 
For this, let K be an arbitrary positively invariant set of S“(T). Then for 
each x in K, a(x) remains in K which implies that T(t) x lies in K for each 
t > 0. We have, since KC 9’(T) c G(A), 
Therefore 
Re[Ax, x] = 0, for each x in K. 
Re[AT(t) x, T(t) x] = 0, for each x in K and each t > 0. 
This in turn implies that for each x in K, 
-$ II T(t) x II’ = 0 * II TV> x II = II x I/ 7 t > 0, 
=s- x belongs to H,(T) by (3.4). 
Hence, since K is contained in G(A), KC G&(A) n H,(T). This shows the 
maximality of the set g(A) n H,(T), and the lemma follows easily from the 
invariance principle. 
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We are now ready to state a strong stability result for Hilbert space 
contraction semigroups. 
PROPOSITION 3.1. Let A be the generator of a contraction semigroup 
[T(t), t > 0] on H. If A has a compact resolvent, then [T(t), t > 0] (resp. 
[T(t)*, t > 01) is strongly stable on H: 1) T(t) x II-+ 0 (resp. 1) T(r)* x I[-+ 0), 
t + 00, for each x in H, if and only ifH,(T) = {O] (resp. H,(F) = (0)). 
Proof. The proof is all but trivial. By Lemma 3.1 and by assumption 
T(t) x + 0, t-,03, for each x in g(A). 
Then, since g(A) is dense in H and (1 T(r)\\ < 1 for each 1> 0, [T(t), t > O] is 
strongly stable on all of H. Conversely, if the semigroup is strongly stable on 
all of H, then H,(T) is obviously trivial. 
Finally for the respective part we only have to note that, since the 
resolvent of A* is also compact when that of A is, we also have as in 
Lemma 3.1: for each x in Q(A*), 
where 
T(t)* x ~ ~(A*) n Hi(r*), t-al, (3.5) 
H,(F) = (x in H, 11 T(t)* x II = 1) x I), t > 0). (3.6) 
This finishes the proof of the proposition. 
We now combine the above results with the Nagy-Foias decomposition to 
obtain sharper stability results for contraction semigroups. 
First we prove. 
LEMMA 3.2. If A has a compact resolvent and generates a contraction 
semigroup [T(t), t > 0] on H. Then [T(t), t 2 0] is strongly stable on all of H 
if and only if [T(t)*, t > 0] is. 
Proof. Suppose that [T(t), t 2 O] is strongly stable, then for each x, y in 
H, 
lb, W>* rll = I [TN x3 YII < II Y II II WI x II -+ 0, t+ co. 
Therefore [T(t)*, t > 0] is weakly stable. But since the resolvent of A* is 
also compact and [T(t)*, t > 0] is a contraction semigroup, this implies [ 51 
that the adjoint semigroup is strongly stable. The converse is exactly the 
same and the lemma is proven. 
Now it is evident from Theorem 2.2, (3.4), and (3.6) that 
Hu(T)=Hi(T)nHi(T*)* (3.7) 
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Hence if either H,(T) or Hi(p) is trivial, then so is H,(7)--that is, 
[T(t), t > 0] and [T(t)*, t > 0] also, by Corollary 2.2(i), are completely 
nonunitary. 
Combining these remarks with Proposition 3.1 we find. 
THEOREM 3.1. Let [T(t), t > 0] be a contraction semigroup with 
generator A on H. If A has a compact resolvent then [T(t), t > O]-and 
[T(t)*, t > 0 ]-is strongly stable if and only if it is completely nonunitary. 
ProoJ If [T(t), t > 0] is strongly stable on H, then H,(T) is trivial by 
Proposition 3.1-and so.is Hi(p) by Lemma 3.2. Therefore H,(T) = {0} by 
the above remarks, and one-half of the theorem is proven. 
For the other half, suppose that H,(T) is trivial. Then, for the case that 
either H,(T) or Hi(p) is trivial, the theorem follows at once from 
Proposition 3.1. It remains to consider the case H,(T) and Hi(p) are both 
nontrivial and H,(T) f7 H,(p) = {O}. But according to a result of Foguel 
181, a completely nonunitary contraction semigroup is weakly stable. Then, 
as in the proof of Lemma 3.2, it is also strongly stable. Therefore this case 
cannot occur. This finishes the proof of the theorem. 
We now study the stabilizability problem of Hilbert space contraction 
semigroups, using both the invariance principle and the canonical decom- 
position. 
Given a C, semigroup [T(t), t > 0] with generator A on H. Suppose that 
the semigroup is not stable and there is a bounded linear operator D on H 
such that the “perturbed” generator A + D generates a stable semigroup 
[Z(t), t > 01 (say> on H. Then [T(t), t > 0] is said to be stabilizable by the 
operator D. 
In control theory a C, semigroup can be associted with a system (A, B) 
which is described by the abstract differential equation 
1=Ax+Bu. 
Here the Hilbert space H is called the state space of the system, and B is a 
bounded linear operation from a Hilbert space U-the control space- to H. 
The “perturbing” operator D above is generally “mechanized” by a feedback 
operator F: H + U, u = Fx. Then the feedback system is described by 
i=(A+BF)x. 
In the following we shall take [T(t), t > 0) to be a contraction semigroup, 
and our problem is to find an F so that the semigroup [Z(t), t > 0] generated 
by A + BF is strongly stable. 
Following [9], the controllable subspace of a system (A, Bvenoted by 
M,(A, Bris defined as 
M,(A, B) = u T(t) BU. (3.8) 
f>O 
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The orthogonal complement in H of M&4, B)---denoted by M&4, B)--is 
called the uncontrollable subspace of the system, and clearly 
M,,(A,B)= {xinH;B*T(t)*x=O,t>O}. (3.9) 
If M,.(A, B) is all of H--equivalently, M&t, B) is trivial-then (A, B) is 
said to be (approximately) controllable. 
With the above preliminaries we now prove. 
LEMMA 3.3. Let F be a bounded linear feedback operator for the system 
(A, B) and (A*, B). Then, 
(i) M,,(A, B) (resp. M,,,(A*, B)) is the maximal positively invariant 
set in ker F*B* of the semigroup [T(t)*, t > 0] (resp. [T(t), t > 01). 
(ii) Any set in ker F*B* which is positively invariant for both 
[T(t), t > 0] and [T(t)*, t > 0] is contained in M,,(A, B) n MUC(A*, B). 
Proof. (i) Clearly M,,(A, B) is contained in ker F*B* and it is 
invariant for [T(t)*, t > 01. Therefore it is also positively invariant for the 
semigroup. Now let N be a positively invariant set-of [T(t)*, t > O]-in 
ker F*B*. Then of course, for each t > 0, T(t)* NE N c ker F*B*. 
Therefore 
[T(t)* N, BFH] = 0 = [N, T(t) BU], t > 0. 
This implies that N must be contained in M,,(A, B). Similarly for the 
respective part and the proof of (i) is finished. 
(ii) Part (ii) follows trivially from part (i). 
Next we have. 
LEMMA 3.4. Let [T(t), t > 0] be a contraction semigroup with generator 
A on H, and let B be a bounded linear operator from U to H. 
(i) If F is a bounded linear operator from H to U such that the 
operator BF is bounded dissipative on H, then the semigroup [Z(t), t > 0] 
generated by A + BF is a contraction semigroup on H. 
(ii) The semigroup [Z(t), t 2 0] (resp. [Z(t)*, t >O]) admits the 
functional V=(x) = $11 x ]I* (=V&x)) for each x in g(A) (resp. g(A*)), as a 
Lyapunov functional. Moreover 
Y(Z) = (x in g(A); vz(x) = 0) = Y(T) n ker(BF + F*B*), (3.10) 
(resp. ,i”(Z*) = {x in .@(A*); r’,.(x) = 0) = Y(r*) n ker(BF + F*B*)). 
(3.11) 
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Proof. Part (i) follows easily from Lemma 2.1(i) and the fact that A is 
maximal dissipative and BF is bounded linear dissipative. 
For part (ii), we have 
ri,(x)=~~IIz(oxll’l,~,* 
= Re[(A + BF)x,x], foreachxin@(A +BF)=a(A). 
Then, since both A and BF are dissipative, 
I’,(x) = Re[ (A + BF) x, x] < 0, for each x in a(A). 
Therefore Vz(x) is a Lyapunov functional on g?(A) for the semigroup 
[Z(t), t > 01. Similarly for the function V=*(x). It remains to show (3.10) and 
(3.11). We have 
.9’(Z) = {x in &J(A); Re[(A + BF) x, x] = 0) 
= {xinG(A); Re[Ax,x] = -~[(BF+F*B*)x,x]} 
= {xinQ(A);Re[Ax,x]=O=-f[(BF+F*B*)x,x]} 
by the fact that both A and BF are dissipative. Therefore, by (3.3) and since 
-(BF + F*B*) is nonnegative, 
Y(Z) = .4”;(T) f7 ker(BF + F*B*). 
Similarly for (3.11) and the lemma is proven. 
It is evident from this lemma that in order to apply the invariance prin- 
ciple to the stabilizability problem one should “trivialize” the maximal 
positively invariant set of the set P(Z). This is our next task. We prove 
PROPOSITION 3.2. Let (A, B) be a control system for which A has a 
compact resolvent and generates a contraction semigroup [T(t), t > 0] on H, 
and B is bounded linear from U to H. Then (A, B) is strongly stabilizable by 
a bounded linear feedback F which is such that the operator -BF is 
nonnegative, if the system (A*, B) is controllable. 
Proof. As in Lemma 3.4 let [Z(t), t > 0] be the contraction semigroup 
generated by A + BF. Then, since -BF is nonnegative, (3.10) becomes 
Y(Z) = Y(T) r‘l ker F*B*. (3.12) 
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We now “locate” the maximal positively invariant set of the set Y(Z). 





for t > 0 and each x in H. 
Therefore, since BF is selfadjoint, 
T(t) x = Z(t) x - 
I 
’ Z(t - s) F*B*T(s) x ds, 
0 
It then follows that 
for t > 0 and each x in H. 
T(t) x = z(t) x, for t > 0 and each x in M&I *, B). 
This shows that the uncontrollable subspace MU,@*, B) is also invariant for 
[Z(t), t > O]-since it is already invariant for [T(t), t > 01. Therefore by 
(3.12) and Lemma 3.3(i), the maximal positively invariant set of F(Z) is 
contained in M&4*, B). Hence, if (A*, B) is controllable, then by the 
invariance principle and since [Z(t), t > 0) is a contraction semigroup, 
z(t) x + 0, t-r 03, for each x in H. 
This completes the proof of the proposition. 
Interchanging A and A* in this proposition and combining with Lemma 
3.2 we obtain 
THEOREM 3.2. Let (A, B) be as in Proposition 3.2. Then controllability of 
either (A, B) or (A*, B) implies that the two systems (A, B) and (A*, B) are 
strongly stabilizable by a bounded linear feedback F which is such that the 
operator BF is nonnegative. 
We note that the feedback F = -B* certainly satisfies Theorem 3.2. This 
is the case considered by Slemrod [3] in which-Theorem 3.5- results were 
stated for weak stabilizability. But, since compactness is required, strong and 
weak stabilities are equivalent. Also it is easy to see that when 
A = - A*-i.e., when the semigroup is unitary-Theorem 3.2 with F = - B* 
is Theorem 3.6 of [3]. 
In the above our proof relies entirely on geometry of Hilbert spaces and, 
as such, is quite different from that of Slemrod. Moreover, we have shown 
that controllability of the system (A*, B) also plays a role in stabilizability 
of the system (A, B). This, as far as we can see, is something which does not 
occur in finite-dimensional systems. 
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We now combine the invariance principle with the Nagy-Foias canonical 
decomposition and see what can be gained from these for stabilizability of 
contraction semigroups. This clearly amounts to applying Theorem 3.1 to 
the semigroup [Z(t), t > 01 of Theorem 3.2. We find 
THEOREM 3.3. Let (A, B) be as in Theorem 3.2. Then, besides the 
conditions of Theorem 3.2, the system (A, B) and (A*, B) are strongly 
stabilizable by a bounded linear feedback F-such that -BF > @--jf the 
subspace H,(T) is controllable for (A, B) or (A*, B)--i.e., H,,(T) is contained 
in M,(A, B) or MJA*, B). 
Proof Let [Z(t), t > 0] be as in Lemma 3.4. Then by Theorem 3.1, 
[Z(t), t > 0] and [Z(t)*, t > 0] are strongly stable if H,(Z) is trivial. But it 
can be shown that [ IO] 
H,(Z) G H,(T) n M,,(A, B) n M&*, B). (3.13) 
Therefore the conclusions of the theorem follow readily. Actually (3.13) also 
yields the conditions of Theorem 3.2. This completes the proof of the 
theorem. 
4. DISCUSSIONS AND CONCLUSION 
We have combined the LaSalle Invariance Principle with the Nagy-Foias 
canonical decomposition to study stability and stabilizability of Hilbert 
space contraction semigroups. By so doing one can completely characterize 
the “limit” set of a contraction semigroup- with a generator whose 
resolvent is compact. This follows readily from Lemma 3.1: for each x in H, 
T(t) X + Hi(T), t-al. 
As far as we know, this is a rare case in which such a set can be charac- 
terized. The “isometric” subspace H,(T) does not occur in the Nagy-Foias 
theory; however it is obviously related to the “unitary” subspace H,(T). 
Consequently, it can be regarded as the natural link between the invariance 
principle, on the one hand, and the Nagy-Foias canonical decomposition on 
the other. This leads to a necessary and sufficient condition for strong 
stability and hence conditions for strong stabilizability of Hilbert space 
contraction semigroups. 
Finally we should note that weak stabilizability-without the compactness 
constraint-via the Nagy-Foias theory was studied by Benchimol [ 5 1, while 
strong stability was investigated by Levan and Rigby 161. 
409;77!2 12 
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